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Abstract. We show that the case of two oscillators in a common heat bath cannot 
be reduced to an effective one body problem. In addition, there is an interaction 
between the oscillators, even at zero temperature, due to the fluctuations caused in 
both oscillators by the zero-point oscillations of the electromagnetic field. 
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The case of a quantum particle in a general heat bath at an arbitrary temperature 
T is now generally well understood [1, 2]. The key starting point is the independent 
oscillator (10) Hamiltonian, which has a lower bound [2]. 

Quantum information scenarios now underline the necessity of considering many 
body systems. The simplest system of this kind to analyze is the case of 2 particles 
in a common heat bath, which was considered in [3] and [4]. The approach used by 
these authors was to start with a two-body Hamiltonian, after which they made a 
transformation to center-of-mass and relative coordinates. Their general conclusion 
was that the two harmonic oscillator model could be separated such that the relevant 
coordinate motion has no interaction with either the center-of-mass motion or with 
the oscillators of the heat bath. However, both [3] and [4] have a major omission, the 
result of which is that their Hamiltonian has no lower bound. Thus, we are motivated 
to consider the same problem but using the exact Hamiltonian which ensures a lower 
bound. The result of our analysis is that it is not possible to reduce the 2 particle 
problem to a 1 particle problem, as we will now prove. 

First, we recall the exact one body 10 quantum Hamiltonian [2] 



(i) 



We emphasize, in particular the factor (qj — x) 2 in the interaction term, which ensures 
that H has a lower bound [2]. Next, using the Heisenberg equations of motion leads to 
a quantum Langevin equation for a quantum particle of mass m moving in an oscillator 
potential in an arbitrary heat bath and temperature T: 

mx+ I dt 1 ii(t-ti)x{t 1 )+muj 2 x = F{t), (2) 

J — oo 

where the dot and prime denote, respectively, the derivative with respect to t and x. 
This is a Heisenberg equation of motion for the coordinate operator x. The coupling 
with the heat bath is described by two terms: an operator-valued random force F(t) 
with mean zero, and a mean force characterized by the memory function /i(t). These 
quantities are given in terms of the heat bath variables: 

n{t) — rrijuJ 2 cos(u!jt)Q(t), (3) 
j 

where Q(t) is the Heaviside step function (by convention the memory function vanishes 
for negative times), and 

F(f) = 5>X?£(0, (4) 
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were qj(t) denotes the general solution of the homogeneous equation for the heat bath 
oscillators (corresponding to no interaction). We also note that, in the particular case 
of Ohmic dissipation, equation (2) reduces to 

mi + rwyx + mtu 2 x = F{t). (5) 
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The generalization to 2 bodies is straightforward so that our two body Hamiltonian 
(taking the masses and spring constants of both oscillators to be the same, as in [4]) 
may be written as 
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(6) 



We emphasize that our Hamiltonian contains a lower bound, manifest by the square 
terms in the interaction of x\ and x 2 with the heat bath (qj). We also note that it has 
the correct non-interacting part. 

Next, we transform to center-of-mass and relative coordinates 



and 



x = xi - x 2 ; X = (xi+x 2 )/2, 
m x = to/2; M = 2m, 

p = ^(pi-P2); P = Pi + P2- 



As a result, (6) may be written as 
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where 
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Thus, H cm may be re-written in the form 
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(13) 



Redefining the bath parameters as follows 
rrij = 2m j, Uj = Y> 

we obtain 



(14) 




X) 2 



(15) 



Thus, the centre-of-mass motion is reduced to a 1-body problem. Also, since we are 
summing over j, it is clear that the Hamiltonian has the correct form of the one-body 
problem, given in (1). However, H re i cannot be written in this form. Thus, this two-body 
problem cannot be reduced to an effective one-body problem. 

Also, since the equation of motion of both x\ and x<i involve the parameters of the 
heat bath, it is clear that there is an interaction, via the heat bath, between x\ and x-i- 
This is analogous to what occurs for the London and Casimir-Polder effects [5, 6, 7] as 
well as the Casimir effect [8]. For the present case of two oscillators in a heat bath, we 
are in the macroscopic domain so that the corresponding results are thus Casimir-like 
and need to be calculated, which we will address in the future. Moreover, the equation of 
motion of oscillator 1 at time t contains contributions from Fi(t) and also from oscillator 
2. But since X2 is also affected by Fi(t), it is clear that its appearance in the equation 
of motion of x\ must be at the earlier time t — r to ensure that it is affected by Fi(t) 
at time t. The equation of motion of oscillator 2 is similarly affected. The end result is 
that the equations of motion of x\ and X2 are interconnected and quite complicated so 
that a numerical analysis will be needed to obtain exact results. 
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